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Compatibility of quark and resonant picture excited baryon multiplets
in the 1ÕNc expansion of QCD
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We demonstrate that the two major complementary pictures of largeNc baryon resonances—as single-quark
orbital excitations about a closed-shell core@giving SU(2NF)3O(3) multiplets#, and as resonances in meson-
baryon scattering amplitudes—are completely compatible in a specific sense: Both pictures give rise to a set of
multiplets of degenerate states, for which any complete spin-flavor multiplet within one picture fills the
quantum numbers of complete multiplets in the other picture. This result is demonstrated by~i! straightforward
computation of the lowest multiplets in both pictures,~ii ! a study of the nature of quark excitations in a
hedgehog picture, and~iii ! direct group-theoretical comparison of the constraints in the two pictures.
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I. INTRODUCTION

The quark model has historically served as the parad
for understanding the general patterns of excited baryo
states. In important ways, however, this picture is unsatis
tory. In particular, it is entirely unclear how to obtain th
quark model as a direct consequence of fundamental Q
interactions. At a more mundane level, while the qua
model describes only bound states of an unchanging num
of confined quarks, all of the excited baryons observed
nature appear as resonances in scattering experiments, w
are not comprehensible without an understanding of qu
production and annihilation dynamics. Thus, in order to co
pare quark model predictions to experimental data one m
make additionalad hocassumptions about the strength a
mechanism of such quark processes.

Recently, we argued@1# that largeNc QCD provides in-
sights into both of these issues. In particular, we showed
the ‘‘contracted’’ spin-flavor symmetry@2–5# known to
emerge for ground-state baryons directly from largeNc QCD
imposes important constraints on the resonance posit
~masses and widths! of excited baryons. These constrain
imply that various resonances with distinctI andJ quantum
numbers become degenerate asNc becomes large. On th
other hand, treatments using a largeNc quark picture exhibit
precisely the same degeneracy patterns@1,6,7#, and thus cap-
ture at least some nontrivial QCD dynamics.

Specifically, in Ref.@1# we demonstrated these degene
cies for the case of the mixed-symmetry,51 negative-
parity states in the simple quark-shell model, where, de-
notes the orbital angular momentum of a single quark exc
with respect to a ‘‘core’’ ofNc21 quarks symmetrized in
spin3flavor. Explicit diagonalization of the largeNc quark-
picture Hamiltonian for these states@8,9# manifests these
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mass degeneracies. The purpose of the present paper
show that the previous result is in fact general and applie
excited states ofany angular momentum, parity, or symme
try. For simplicity and clarity of presentation, we restrict o
attention to the nonstrange sector.

The operator methodof constructing the baryon Hamil
tonian in the largeNc quark-shell picture~i.e., as a linear
combination of operators constructed from the spin and
vor degrees of freedom of the individual quark interpolati
fields @10#! was originally applied to the ground-state spi
flavor multiplet containingN andD @the largeNc analogue to
the SU~6! symmetric56-plet# @11–14#. References to a num
ber of other applications to the ground-state band are lis
in Ref. @15#. Subsequent work extended the method to
cited baryons, in particular the,51 multiplet @the largeNc

analogue of the SU~6! mixed-symmetry70-plet# @8,9,16–
19#, and even higher multiplets@20,21#.

On the other hand, theconsistency condition method,
originating directly from the contracted spin-flavor symm
try, tends to be less represented in the literature, even tho
the method is obtained directly from considerations
meson-baryon scattering processes and thus is closely i
twined with the phenomenon of baryon resonances. The
such work on excited baryons@6# studied resonances by de
riving quark-picture operators that satisfy the contrac
spin-flavor symmetry, and then used the operators to obta
Hamiltonian, from which matrix elements describing th
spectrum and decays of these states were obtained.

One may, however, question the validity of the opera
picture in describing intrinsically unstable systems such
baryon resonances within a Hamiltonian formalism, since
states in the bra and ket of its matrix elements must be
sumed to exist for a sufficiently long time in order to b
described as eigenstates of a Hamiltonian~rather than simply
as bumps in a scattering amplitude!. For example, generic
large Nc counting shows that meson-baryon scattering a
plitudes scale asNc

0 , suggesting that true baryon resonanc
have masses above those in the ground-state band@which are
©2003 The American Physical Society03-1
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O(Nc
1)] by an amount of O(Nc

0), as well as widths that also
scale asNc

0 . On the other hand, Ref.@6# suggests that the
,51 excited baryons can have widths of O(1/Nc). Whether
there exist baryon resonances exhibiting this property~and
therefore rendering them stable in the largeNc limit ! remains
an open question.

In this paper, however, we adopt the starting point that
baryon resonances arise from generic poles in meson-ba
scattering amplitudes with energies above the ground sta
O(Nc

0) and widths of O(Nc
0). Work along these lines@22–26#

long predates the operator method papers, and was origin
derived not from a quark picture, but from a chiral solito
picture. In the largeNc limit it was shown that the results o
this approach may be derived from a simple prescript
@24#: In treating the scattering as at-channel process, th
isospin exchanged equals the angular momentum exchan
the so-calledI t5Jt rule. In Ref.@1#, this rule was shown to
be equivalent to the scattering consistency conditions der
from the contracted spin-flavor symmetry, which again is
consequence of largeNc without additional model assump
tions.

One therefore expects that, if the operator method
physically valid, it must generate a spectrum of states co
patible with the resonances obtained from theI t5Jt rule. It
turns out that such resonance multiplets may be labeled
non-negative integersK, which correspond to the ‘‘grand
spin’’ of the Skyrme and other chiral soliton models. T
‘‘compatibility’’ of this paper’s title refers to the fact@1# that
the spectrum of resonant states obtained in the quark-s
model mixed-symmetry,51 multiplet consists of one mem
ber, for each allowedI and J quantum number, from pre
cisely three complete degenerate multiplets~labeledK50,
1, and 2! in the scattering ‘‘resonance’’ picture. In othe
words, in that multiplet the~complex! mass parameter fo
each one of the 13 distinct states equals eithermK50 , mK51,
or mK52. This remarkable correspondence between two v
different physical pictures is the motivation for the prese
work. As suggested above, we show that each~nonstrange!
quark-picture multiplet is filled by a collection of resonanc
pictureK multiplets, one mass~and width! value from each
resonance-pictureK multiplet appearing for each allowe
value of I andJ in the quark-picture multiplet.

This paper is arranged as follows: In Sec. II, we discus
greater detail the resonance picture, the significance oK
spin, and linear relations betweenS-matrix amplitudes. Sec
tion III lays out all relevant baryon spin-flavor multiplets fo
arbitraryNc , their decomposition into separate spin and fl
vor multiplets, and relations between quantum numbers
their nonstrange members. In Sec. IV we exhibit explici
the compatibility of quark-shell and resonance picture sta
Section V explains why this compatibility occurs, first usin
a general description in terms of Skyrme model hedge
configurations, and second using explicit group-theoret
counting. Discussion and conclusions appear in Sec. VI.

II. MESON-NUCLEON SCATTERING PICTURE

We begin with a brief review of the origin of degeneraci
among baryonic resonances. The key to the analysis is
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existence of linear relations among theSmatrices of various
channels in meson-nucleon scattering~or more generally,
scattering of mesons off ground-state band baryons! @22–
26#. Here we need only study the scattering ofp or h me-
sons off a ground-state band baryon; these cases are
cient to connect to all quantum numbers of interest. Note t
in the physical world the notion of describing the scatteri
of unstable mesons such ash off baryons is problematic.
However, it is sensible to talk about such scattering in la
Nc since these mesons are stable in the largeNc world. The
S matrices are related by

SLL8RR8IJ
p

5(
K

~21!R82RA~2R11!~2R811!~2K11!

3H K I J

R8 L8 1J H K I J

R L 1J sKL8L
p ,

SLRJ
h 5(

K
dKLd~LRJ!sK

h . ~2.1!

The notation is as follows: In the case ofp scattering, the
incoming baryon spin~which equals its isospin for the non
strange members of the ground-state band! is denoted asR,
final baryon spin~isospin! is denotedR8; the incident~final!
p is in a partial wave of orbital angular momentumL (L8),
andI andJ represent the~conserved! total isospin and angu
lar momentum, respectively, of the initial and final state
SLL8RR8IJ

p is the~isospin- and angular-momentum-reduced! S
matrix for this channel reduced in the sense of the Wign
Eckart theorem, the factors in braces are 6j coefficients, and
sKL8L

p are universal amplitudes that are independent ofI, J, R,
andR8. In the case ofh scattering, the fact that the meso
hasI 50 more tightly constrains many of the quantum nu
bers. The isospin (5spin) R of the baryon is unchanged an
moreover equals the total isospinI of the intermediate state
The orbital angular momentumL of the h remains un-
changed in the process due to theI t5Jt rule, andJ denotes
the total angular momentum of the state, which is co
strained by the triangle ruled(LRJ). SLRJ

h is the reduced
scattering amplitude andsK

h are universal amplitudes inde
pendent ofJ. The linear relations among the scattering a
plitudes can be seen from the structure of Eqs.~2.1!. The key
point is simply that there are moreSLL8RR8IJ

p amplitudes than
there aresKL8L

p amplitudes. Thus at leading order in 1/Nc ,
there are linear constraints between theSLL8RR8IJ

p amplitudes.
There are also moreSLRJ

h amplitudes thansK
h amplitudes,

yielding more nontrivial relations.
Equations~2.1! were first derived in the context of th

Skyrme model@22–26#. In this picture, as in other chira
soliton models, the soliton at the classical or mean-field le
~which dominates asNc→`) breaks both the rotational an
isospin symmetries but is invariant underK[I1J. Accord-
ingly, the intrinsic dynamics of the soliton commutes wi
the ‘‘grand spin’’ of I1J, and excitations can be labeled b
K. This is theK of Eqs. ~2.1!. Note that the physical state
3-2
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are projected from the hedgehogs, so thatK of the physical
state isnot just I1J, but rather represents the grand spin
the underlying intrinsic state.

The derivation of Eqs.~2.1! from the Skyrme model ha
the advantage of suggesting a clear physical picture in wh
the K quantum number has a simple interpretation.
course, it has the disadvantage of being based on a m
rather than directly on largeNc QCD. However, these rela
tions are, in fact, exact results in largeNc QCD and do not
depend on any additional model assumptions. A direct d
vation based on largeNc consistency rules@5# and exploiting
the famousI t5Jt rule @24# is given in the Appendix of Ref.
@1#.

Equations~2.1! can be obtained from a more general r
lation @24#—again equivalent to theI t5Jt rule—describing
meson-baryon scattering of nonstrange particles,

m1B→m81B8, ~2.2!

wherem (m8) is a meson of spins (s8) and isospini ( i 8),
B (B8) is a baryon in the ground-state multiplet with sp
5 isospinR (R8), and the total spin angular momentum~not
including relative orbital angular momentum! of the meson
and baryon is denotedS (S8). Adopting the remainder of the
symbols from Eqs.~2.1! and abbreviating the multiplicity
2X11 of an SU~2! representation of quantum numberX by
@X#, then Eq.~3! of Ref. @24# reads

SLL8SS8IJ5 (
K,K̃,K̃8

@K#~@R#@R8#@S#@S8#@K̃#@K̃8# !1/2

3H L i K̃

S R s

J I K
J H L8 i 8 K̃8

S8 R8 s8

J I K
J tKK̃K̃8LL8 .

~2.3!

In the cases considered here, the mesons are both spi
(s5s850), which implies the collapse of the 9j symbols to
6 j symbols, and forcesS→R, S8→R8, andK̃5K̃85K. The
first of Eqs. ~2.1! is then obtained by takingi 5 i 851 and
sKLL8

p
5(21)L2L8tKKKLL8 , while the second of Eqs.~2.1! is

obtained by takingi 5 i 850 @which further collapses the 6j
symbols, leaving onlydLL8dRR8d IRd(LRJ)] and by taking
sK

h5tKKKLL .
The pattern of degeneracies of the masses and width

resonances falls out immediately from the structure of E
~2.1!, provided one defines the resonance position to b
the pole. Since resonances are broad, there is some am
ity in defining precisely what one means by the mass of
resonance. Moreover, since generically baryon resonanc
the largeNc limit need not be narrow, these ambiguities c
be large. Perhaps the cleanest theoretical way to define
resonance position is via analytic continuation of the scat
ing amplitude in the complex energy plane~with three-
momentum fixed to zero! and to define a resonance as occ
ring at the point at which the amplitude develops a pole. T
resonance mass and width are then the real and imagi
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parts of the complex pole position. Note that with this de
nition degeneracies automatically follow. In order for one
the SLL8RR8IJ

p amplitudes to diverge, one of thesKL8L
p ampli-

tudes must diverge. However, since thesKL8L
p amplitudes

contribute to multiple channels, all of these channels m
have resonances at the same position, which means tha
masses and widths of certain resonances in different chan
must be degenerate. As seen in Ref.@1#, the observed pattern
of degeneracies for the low-lying negative-parity,51 bary-
ons obtained for the resonances is identical to that obta
in the largeNc quark-shell picture. Below we show that th
coincidence between the pattern of degeneracies for ba
resonances in largeNc QCD and states in the largeNc quark-
shell picture holds far more generally.

III. STATES IN THE QUARK-SHELL MODEL PICTURE

The analysis of spin-flavor multiplets in the quark-sh
picture is a straightforward, albeit tedious, extension
methods familiar fromNc53. For Nc53 only three spin-
flavor representations occur:~i! Completely symmetric~S!,
which is a 56 for NF53 or a 20 for NF52; ~ii ! mixed-
symmetry~MS!, which is a70 for NF53 or a 20 for NF
52; and ~iii ! completely antisymmetric~A!, which is a20
for NF53 or a 4 for NF52. For Nc.3 many other spin-
flavor representations are possible, but these do not inte
us since they decouple in the physical limitNc53. It should
be noted that the A representation is only fully antisymme
for Nc53, but we maintain the label A forNc.3. TheNc
.3 generalizations of the S, MS, and A representations
presented in Fig. 1. One may assume~as done here! that the
additional (Nc23) quarks in the lowest-energy multiple
appear in a completely symmetric spin-flavor combinatio
and examine whether this ansatz gives a phenomenologic
viable 1/Nc expansion. Alternately, although baryon spi
flavor representations with more than one pair of antisymm
trized indices exist forNc.3, such states do not exist in th
physicalNc53 universe and are thus ignored in the follow
ing analysis.

The first step in the analysis is to decompose SU(2NF)

FIG. 1. Young tableaux for the SU(2NF) S, MS, and A spin-
flavor representations, respectively. ForNF53 these are the famil-
iar 56, 70, and20, respectively.
3-3
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spin3flavor representations into separate SU~2! spin and
SU(NF) flavor representations. This is a fairly straightfo
ward but tedious exercise in pairing spin and flavor repres
tations with the correct overall spin-flavor transformati
properties. To illustrate the results, we employ the SU(NF)
Dynkin label, which is an (NF21)-plet @n1 ,n2 , . . . ,nNF21#

of non-negative integersnr describing the Young diagram o
05600
n-

the representation: The number of boxes in rowr of the
Young diagram exceeds the number in rowr 11 by nr . In
this notation, the S multiplet is@Nc ,0,0, . . . ,0#, MS is @Nc

22,1,0,0, . . . ,0#, and A is @Nc23,0,1,0,0, . . . ,0#. SU~2!
spin representations can also be represented in this way
it is more convenient to use the quantum numberSas a label.

One then finds the~flavor, S) representations
S[@Nc ,0,0, . . . 0#5 %
n50

(Nc21)/2S F2n11,
1

2
~Nc21!2n,0,0, . . . ,0G ,n1

1

2D , ~3.1!

MS[@Nc22,1,0,0, . . . ,0#5 %
n50

(Nc25)/2S F2n12,
1

2
~Nc25!2n,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc23)/2S F2n,
1

2
~Nc23!2n,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc23)/2S F2n11,
1

2
~Nc21!2n,0,0, . . . ,0G ,n1

3

2D
%

n50

(Nc23)/2S F2n11,
1

2
~Nc21!2n,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc23)/2S F2n13,
1

2
~Nc23!2n,0,0, . . . ,0G ,n1

1

2D , ~3.2!

A[@Nc23,0,1,0,0, . . . ,0#5 %
n50

(Nc25)/2S F2n11,
1

2
~Nc25!2n,0,1,0,0, . . . ,0G ,n1

3

2D
%

n50

(Nc25)/2S F2n11,
1

2
~Nc25!2n,0,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc27)/2S F2n13,
1

2
~Nc27!2n,0,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc25)/2S F2n12,
1

2
~Nc25!2n,1,0,0, . . . ,0G ,n1

3

2D
2 %

n50

(Nc25)/2S F2n12,
1

2
~Nc25!2n,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc25)/2S F2n,
1

2
~Nc23!2n,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc27)/2S F2n14,
1

2
~Nc27!2n,1,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc27)/2S F2n11,
1

2
~Nc27!2n,2,0,0, . . . ,0G ,n1

1

2D

3-4
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%
n50

(Nc25)/2S F2n11,
1

2
~Nc21!2n,0,0, . . . ,0G ,n1

3

2D
%

n50

(Nc25)/2S F2n13,
1

2
~Nc23!2n,0,0, . . . ,0G ,n1

1

2D
%

n50

(Nc23)/2S F2n,
1

2
~Nc23!2n,1,0,0, . . . ,0G ,n1

3

2D
%

n50

(Nc23)/2S F2n11,
1

2
~Nc21!2n,0,0, . . . ,0G ,n1

1

2D . ~3.3!
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For example, in theNF53, Nc53 case@the familiar
SU(6)→SU(3)3SU(2) decomposition#, any sum with an
upper limit smaller than (Nc23)/2 vanishes, as does an
multiplet with a nonzero value in the fourth~or higher! entry
of a flavor multiplet Dynkin symbol, since this would requi
four quark flavors among which to antisymmetrize. All th
remains in this case is then50 and 1 members of S556,
which are (8,1/2) and (10,3/2), respectively; then50 mem-
ber of each of the last four sums in MS570, which are
(1,1/2), (8,3/2), (8,1/2), and (10,1/2), respectively; and the
n50 member of each of the last two sums in A520, which
are (1,3/2) and (8,1/2), respectively.

More generally, we are interested only in those states w
quantum numbers that appear forNc53, in particular I
51/2 or 3/2, since isospin is a good quantum number for
Nc . Furthermore, in this work we consider for simplici
only the nonstrange states; the strange states are more
cult only for technical group-theoretical reasons, and are
ferred to future work@27#.

These restrictions dramatically simplify the list of multip
lets that must be considered. The tallest column of the Yo
diagram~with a number of boxes equal to thepositionof the
last nonzero entry of the Dynkin label! indicates the numbe
of distinct quark flavors that must be present for each stat
the multiplet for the diagram to be allowed. For our pu
poses, then, one may discard any multiplet with a nonz
entry inn3 , n4, etc., and consider only Young diagrams wi
at most two rows. The first entry of the Dynkin labeln1 then
indicates the maximum number of quarks of one flavor (u, d,
etc.! that may be symmetrized in any state of the multipl
and the second entry indicates the number of quark p
antisymmetrized in flavor. Since the nonstrange states, ly
in the top row of the weight diagram, are singly degenera
the isospinI of the multiplet equals the maximum allowedI 3
value; this, in turn, is just12 n1. Thus, onlyn1<3 need be
included.

The multiplets of interest, using the notationI S and the
shorthandI 5 1

2 →N, I 5 3
2 →D, then read

S: N1/2% D3/2, ~3.4!
05600
t

th

y

iffi-
e-

g

of

ro

,
rs
g
,

~3.5!

A: ~3.6!

It is interesting to note that the A representation is, for la
Nc , much larger than the MS representation; however,
any Nc>7 they contain exactly the same nonstrangeI 5 1

2

and 3
2 states~a fact to be explained in Sec. V!. Yet, even for

the nonstrange states the MS and A multiplets differ for
highest values of isospin: By comparing Eqs.~3.2! and~3.3!,
one finds MS contains states (I ,S)5(Nc/221, Nc/2) and
(Nc/2, Nc/221) that A does not.

Another interesting fact, to be used later, is that theN and
D states in the MS or A representations in Eqs.~3.4!–~3.6!
~before excited quark angular momentum, is added! have
the curious property that their total quark spinsS are pre-
cisely those obtained from vectorially adding one unit
angular momentum to theS values of theN,D in the S rep-
resentation before, is added@Eq. ~3.4!#; this fact was noted
in Ref. @6#. We shall see why this occurs in Sec. V. Let
label this effective angular momentumD , so that each value
of SMS/A satisfying d(SS,SMS/A ,D51) occurs. Then, since
the multiplets for ,Þ0 ~given in Table I! are obtained
through the vector additionJ5S1ø, and since the same to
tal angular momentum quantum numbers are obtai
through any order of vector addition, it follows that the,
Þ0 MS/A J eigenvalues may be obtained through vec
addition ofD to those of S. Thus, each value ofJMS/A sat-
isfying d(JS,JMS/A ,D51) occurs, with the same multiplic
ity as given by the vector addition

JMS/A5SMS/A1øMS/A

5JS1D ~effectively!

5SS1øS1D [SS1øeff . ~3.7!
3-5
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This implies that the MS/A states of a given, occur with the
same quantum numbers and multiplicities as appear in
effective collection of S multiplets, each with its own valu
,eff that assumes all values satisfyingd(,eff ,,,D51).

What remains is to add an orbital angular momentum, to
the total quark spinS in order to obtain the total spinJ of the
state. For the conventional states in which all quarks h
positive parity, the overall parity of the baryon is that co
tributed by the orbital excitation,P5(21),. However, we
shall see that all of our results are blind toP ~except that it
must be conserved in strong interactions!, and thus one may
classify quark-picture states in Table I by their SU(2NF)
3O(3) representation without the need of specifyingP.

IV. COMPATIBILITY

The multiplicities of quark-picture states in Table I ma
be compared immediately with those in the meson-nucl
scattering results presented in Tables II and III, which in tu
are obtained via Eqs.~2.1!. Simply note first that theK am-
plitudes appearing for a resonance of given spin and fla
quantum numbers~e.g.,D1/2) are the same regardless of th
parity P: The I t5Jt rule makes no reference toP. Of course,
one should not expect the poles forK amplitudes with1 and
2 parities to be equal, hence the tilde on each mass in
P51 case. Nevertheless, this ‘‘parity blindness’’ mirro
that found in the SU(2NF)3O(3) multiplets in the quark
picture.

The principal result of this work is illustrated by the fa
that the quark-picture multiplet structures listed in Table I
found to be completely compatible with those listed in Tab
II and III. To be precise, for all values,50,1,2,3, one see
that an S multiplet of given, contains only a single mas
eigenvaluem, , degenerate among all states in the multip
up to and including effects of O(Nc

0), the order of meson-
baryon scattering. This mass eigenvalue is seen to occur
and only for, states that can accommodate aK amplitude
with K5,. Furthermore, a MS or an A multiplet of given,
contains precisely those mass eigenvaluesmK such thatK
assumes all values satisfying the triangle ruled(K,1).

TABLE I. Nonstrange states ofI 5
1
2 and 3

2 in the largeNc S,
MS, and MA spin-flavor representations and various values of
excited quark orbital angular momentum,.

Representation , States

S 0 N1/2% D3/2

1 N1/2% N3/2% D1/2% D3/2% D5/2

2 N3/2% N5/2% D1/2% D3/2% D5/2% D7/2

3 N5/2% N7/2% D3/2% D5/2% D7/2% D9/2

MS or A 0 N1/2% N3/2% D1/2% D3/2% D5/2

1 2N1/2% 2N3/2% N5/2% 2D1/2% 3D3/2% 2D5/2

% D7/2

2 N1/2% 2N3/2% 2N5/2% N7/2% 2D1/2% 3D3/2

% 3D5/2% 2D7/2% D9/2

3 N3/2% 2N5/2% 2N7/2% N9/2% D1/2% 2D3/2

% 3D5/2% 3D7/2% 2D9/2% D11/2
05600
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Thus, for example, each state in the MS,52 multiplet in
Table I assumes one of three possible mass eigenvalue
generate to O(Nc

0): m1 , m2, or m3. On the other hand, one
can see by referring to Tables II and III that all states given
the next-to-last line of Table I appear as poles withK51, 2,
or 3, with precisely the right multiplicities as predicted b
Tables II and III. Thus only a single MS,52 N1/2 state
occurs, despite the fact that Tables II and III allow for tw
poles withN1/2 quantum numbers (m0 andm1), simply be-
cause them0 pole ~from a K50 amplitude! does not appea
in the MS ,52 multiplet. On the other hand, the quar
picture multiplet contains noN9/2 state, while the scattering
amplitudes withN9/2 quantum numbers contain no contrib
tion K51, 2, or 3, and hence nom1 , m2, or m3 pole.

We hasten to add two comments. The first is that we h
demonstrated only thecompatibility of quark-picture
SU(2NF)3O(3) and meson-baryon scattering-picture d
generacies among baryon resonances; we have not pr
that the two pictures are the same, but rather only that t
can be assumed simultaneously correct in their descript
of the multiplet patterns without contradictions or the nec
sity of imposing strong constraints on any configuration m
ing between multiplets. Indeed, no explicit proof of sta
ments regarding the degeneracy of mass eigenvalues in
quark-shell picture has been given thus far~except for pre-
vious results for the symmetric,50 ground-state multiplet
@4,5,11#, the MS ,51 excited multiplet@8#, and the S,
52 multiplet @21#!, but a general argument~using a
hedgehog-based analysis! appears in Sec. V. Second, w
have carried out this demonstration explicitly only up to,
53. While one might suspect that the chances of the re
not being generic is exceedingly small, it is still of gre
value to see a general proof, as well as to understand
underlying symmetry reason for this remarkable compati
ity.

V. A GENERAL DEMONSTRATION

The previous three sections provide a rather circuito
demonstration of what appears to be a simple result: Nam
the spectrum of states forany SU(4)3O(3) multiplet ~of
eitherP) consists of a small set of eigenvalues$mK%. Here,
K refers toK-spin value of the meson-baryon~reduced! scat-
tering amplitudes that can accommodate theI ,J quantum
numbers of states in the multiplet possessing the partic
eigenvaluemK . Therefore,mK gives the position of a~com-
plex! pole in an amplitude with thisK-spin value. On the
other hand, scattering amplitudes with givenI ,J quantum
numbers donot contain amplitudes of a particularK, and
hence have no pole atmK , unlessa state with theseI ,J
values appears in an SU(4)3O(3) multiplet possessingmK
as one of its mass eigenvalues.

In review, there are two basic pictures for baryon res
nances:~i! the SU(4)3O(3) classification derived from the
quark-shell picture of orbital single-quark excitations abou
spin-flavor symmetric core~the quark or operator picture!,
and ~ii ! the meson-baryon scattering classification deriv
from symmetry features shared by all chiral soliton mod
~the resonanceor scatteringpicture!. We now show that the

e
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TABLE II. Negative-parity mass eigenvalues in the quark-shell model picture, corresponding p
waves, and their expansions in terms ofK amplitudes. The superscriptspNN, pND, pDD, hNN, andhDD
refer to the scattered meson and the initial and final baryons, respectively. The partial-wave amplitu
derived from Eqs.~2.1!. Note that these states are those appropriate to a largeNc world ~as discussed in the
text, some do not occur forNc53). We only list states with total isospin 3/2 or less, and diagonal in
scattered meson and orbital angular momentum (L5L8).

State Masses accommodated Partial wave,K amplitudes

N1/2 m0 , m1 S11
pNN5s100

p

S11
hNN5s0

h

D11
pDD5s122

p

D1/2 m1 , m2 S31
pNN5s100

p

D31
pDD5

1
10(s122

p 19s222
p )

D31
hDD5s2

h

N3/2 m1 , m2 S13
pDD5s100

p

D13
pNN5

1
2 (s122

p 1s222
p )

D13
pND5

1
2 (s122

p 2s222
p )

D13
pDD5

1
2 (s122

p 1s222
p )

D13
hNN5s2

h

D3/2 m0 , m1 , m2 , m3 S33
pDD5s100

p

S33
hDD5s0

h

D33
pNN5

1
20(s122

p 15s222
p 114s322

p )

D33
pND5

1

5A10
(2s122

p 15s222
p 27s322

p )

D33
pDD5

1
25(8s122

p 110s222
p 17s322

p )

D33
hDD5s2

h

N5/2 m2 , m3 D15
pNN5

1
9 (2s222

p 17s322
p )

D15
pND5

A14
9

(s222
p 2s322

p )

D15
pDD5

1
9 (7s222

p 12s322
p )

D15
hNN5s2

h

G15
pDD5s344

p

D5/2 m1 , m2 , m3 , m4 D35
pNN5

1
90(27s122

p 135s222
p 128s322

p )

D35
pND5

1
90A 7

5 (27s122
p 15s222

p 232s322
p )

D35
pDD5

1
450(189s122

p 15s222
p 1256s322

p )

D35
hDD5s2

h

G35
pDD5

1
4 (s344

p 13s444
p )

G35
hDD5s4

h

056003-7
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TABLE II. ~Continued!.

State Masses accommodated Partial wave,K amplitudes

N7/2 m3 , m4 D17
pDD5s322

p

G17
pNN5

1
12(7s344

p 15s444
p )

G17
pND5

A35
12

(s344
p 2s444

p )

G17
pDD5

1
12(5s344

p 17s444
p )

G17
hNN5s4

h

D7/2 m2 , m3 , m4 , m5 D37
pDD5

1
5 (2s222

p 13s322
p )

D37
hDD5s2

h

G37
pNN5

1
72(35s344

p 133s444
p 122s544

p )

G37
pND5

1
45A 7

2 (5s344
p 16s444

p 211s544
p )

G37
pDD5

1
225(100s344

p 148s444
p 177s544

p )

G37
hDD5s4

h

N9/2 m4 , m5 G19
pNN5

1
15(4s444

p 111s544
p )

G19
pND5

2
15A11(s444

p 2s544
p )

G19
pDD5

1
15(11s444

p 14s544
p )

G19
hNN5s4

h

I 19
pDD5s566

p

D9/2 m3 , m4 , m5 , m6 G39
pNN5

1
90(35s344

p 133s444
p 122s544

p )

G39
pND5

1
90A 11

10(35s344
p 23s444

p 232s544
p )

G39
pDD5

1
900(385s344

p 13s444
p 1512s544

p )

G39
hDD5s4

h

I 39
pDD5

1
10(3s566

p 17s666
p )

I 39
hDD5s6

h

D11/2 m4 , m5 , m6 , m7 G3,11
pDD5

1
25(12s444

p 113s544
p )

G3,11
hDD5s4

h

I 3,11
pNN5

1
468(55s566

p 1143s666
p 1270s766

p )

I 3,11
pND5

1
117A 55

14(14s566
p 113s666

p 227s766
p )

I 3,11
pDD5

1
819(392s566

p 1130s666
p 1297s766

p )

I 3,11
hDD5s6

h

is
co

e

on

the

e
ld

ym-
underlying reason for the compatibility of the two pictures
simply that they obey essentially the same symmetry
straints.

Two different routes lead to this general result. To s
them, consider the derivation of Eqs.~2.1!, or more generally
Eq. ~2.3!, to describe the symmetry constraints on mes
05600
n-

e

-

baryon scattering. These relations were first obtained in
context of the Skyrme model@22–26#. In this picture, the
quantum numberK has a simple physical interpretation: Th
Skyrmion is a chiral soliton at the classical or mean-fie
level, which at leading order in largeNc has a hedgehog
structure. Thus it breaks both the rotational and isospin s
3-8
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TABLE III. The positive-parity amplitudes. The notation is as in Table II.

State Masses accommodated Partial wave,K amplitudes

N1/2 m̃0 , m̃1 P11
pNN5

1
3 (s011

p 12s111
p )

P11
pND5

A2
3

(s011
p 2s111

p )

P11
pDD5

1
3 (2s011

p 1s111
p )

P11
hNN5s1

h

D1/2 m̃1 , m̃2 P31
pNN5

1
6 (s111

p 15s211
p )

P31
pND5

A5
6

(s111
p 2s211

p )

P31
pDD5

1
6 (5s111

p 1s211
p )

P31
hDD5s1

h

N3/2 m̃1 , m̃2 P13
pNN5

1
6 (s111

p 15s211
p )

P13
pND5

A5
6

(s111
p 2s211

p )

P13
pDD5

1
6 (5s111

p 1s211
p )

P13
hNN5s1

h

F13
pDD5s233

p

D3/2 m̃0 , m̃1 , m̃2 , m̃3 P33
pNN5

1
12(2s011

p 15s111
p 15s211

p )

P33
pND5

5

A2
(s011

p 1s111
p 22s211

p )

P33
pDD5

1
15(5s011

p 12s111
p 18s211

p )

P33
hDD5s1

h

F33
pDD5

1
5 (s233

p 14s333
p )

F33
hDD5s3

h

N5/2 m̃2 , m̃3 P15
pDD5s211

p

F15
pNN5

1
9 (5s233

p 14s333
p )

F15
pND5

2
9A5(s233

p 2s333
p )

F15
pDD5

1
9 (4s233

p 15s333
p )

F15
hNN5s3

h

D5/2 m̃1 , m̃2 , m̃3 , m̃4 P35
pDD5

1
10(3s111

p 17s211
p )

P35
hDD5s1

h

F35
pNN5

1
126(10s233

p 135s333
p 181s433

p )

F35
pND5

1

126A2
(32s233

p 149s333
p 281s433

p )

F35
pDD5

1
1260(512s233

p 1343s333
p 1405s433

p )

F35
hDD5s3

h

056003-9
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TABLE III. ~Continued!.

State Masses accommodated Partial wave,K amplitudes

N7/2 m̃3 , m̃4 F17
pNN5

1
4 (s333

p 13s433
p )

F17
pND5

A3
4

(s333
p 2s433

p )

F17
pDD5

3
4 (3s333

p 1s433
p )

F17
hNN5s3

h

H17
pDD5s455

p

D7/2 m̃2 , m̃3 , m̃4 , m̃5 F37
pNN5

1
56(20s233

p 121s333
p 115s433

p )

F37
pND5

1
7A 15

2 (s233
p 2s433

p )

F37
pDD5

1
7 (3s233

p 14s433
p )

F37
hDD5s3

h

H37
pDD5

1
25(7s455

p 118s455
p )

H37
hDD5s5

h

N9/2 m̃4 , m̃5 F19
pDD5s433

p

H19
pNN5

1
5 (3s455

p 12s555
p )

H19
pND5

A6
5

(s455
p 2s555

p )

H19
pDD5

1
5 (2s455

p 13s555
p )

H19
hDD5s5

h

D9/2 m̃3 , m̃4 , m̃5 , m̃6 F39
pDD5

1
20(9s333

p 111s433
p )

F19
hDD5s3

h

H39
pNN5

1
110(12s455

p 133s555
p 165s655

p )

H39
pND5

1
110A 3

5 (32s455
p 133s555

p 265s655
p )

H39
pDD5

1
550(256s455

p 199s555
p 1195s655

p )

H39
hDD5s5

h

D11/2 m̃4 , m̃5 , m̃6 , m̃7 H3,11
pNN5

1
396(162s455

p 1143s555
p 191s655

p )

H3,11
pND5

1
495A 13

2 (81s455
p 211s555

p 270s655
p )

H3,11
pDD5

1
2475(1053s455

p 122s555
p 11400s655

p )

H3,11
hDD5s5

h

K3,11
pDD5

1
35(11s677

p 124s777
p )

K3,11
hDD5s7

h

ion
of

is
t

metries separately, but does not break the grand spinK de-
fined byK[I1J. The soliton’s intrinsic dynamics~that not
associated with collective zero modes! is governed by a
Hamiltonian that commutes withK, so that excitations and
scattering states can be labeled byK. The full relations fol-
05600
low from projecting such states, consisting of an excitat
characterized byK on top of the hedgehog, onto channels
good I andJ.

An alternative, more formal, derivation of these results
given in the Appendix of Ref.@1#. One uses the fact tha
3-10
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COMPATIBILITY OF QUARK AND RESONANT PICTURE . . . PHYSICAL REVIEW D 68, 056003 ~2003!
matrix elements in baryon states are fixed by the contra
SU(2NF) spin-flavor symmetry, which in turn requires tha
in order to contribute at leading order in 1/Nc , the operator
must haveI 5J. Writing the meson-baryon scattering amp
tude as a matrix element of a scattering operator in a spac
asymptotic baryon1 meson states, one sees that this ope
tor implies I t5Jt , wheret indicates the angular momentu
and isospin exchanged in thet channel. Using standar
group-theoretical identities to cross from thet channel to the
s channel gives the relations~2.3!. The K quantum number
then emerges as a summation variable in an identity inv
ing 6j coefficients, and labels the fundamental underly
scattering amplitudes, independent ofI or J.

In a similar way we can understand the compatibility d
cussed above in terms of either a simple physical pict
involving excitations of hedgehogs, or in terms of a mo
formal group-theoretical treatment. We include both tre
ments here.

A. Physical „hedgehog… demonstration

We begin with the hedgehog-based analysis. The pr
exploits some simple operator relations. Assume a Ham
tonianĤ possessing an eigenstateuca& with eigenvalueEa .
Furthermore, assume an operatorL̂ with the property

@Ĥ,L̂#5lL̂. ~5.1!

It is straightforward to see from the commutator thatucb&
5L̂uca& either has zero norm or is an eigenstate ofĤ with
eigenvalueEa1l. Thus if uca& is the ground state of the
system, thenL̂ serves as an excitation operator creating
excited state.

Now let us apply this to the case of a largeNc version of
the quark-shell model. This model is based on nonrelativi
quark degrees of freedom, and has the standard largeNc
scaling rules. The model has rotational and isospin sym
tries ~with possible small isospin breaking, which we n
glect!, so thatI 2 and J2 are good quantum numbers of th
physical states. In addition, this model in its simplest fo
has no configuration mixing, so that the number of quarks
a given orbital is also a good quantum number. Our appro
is to use excitation operators of the form discussed abov
this system, i.e., to find some operatorL̂ with the commuta-
tor property in Eq.~5.1! that produces excited states wh
acting on the ground state. However, to leading order in
1/Nc expansion the ground state is highly degenerate~con-
sisting of states withI 5J51/2,3/2, . . . ), andthus one can
use any superposition of these states as the ground state
strategy is to use a hedgehog state as the appropriate s
position. This approach has the advantage of putting
analysis in close parallel to the scattering treatment base
the Skyrme model.

The hedgehog stateuh& ~which hasK50) is given by

uh&5
1

ANc!
ec1c2•••cNc

)
i 51

Nc

ah;ci

† u0&
05600
d

of
-

-
g

-
e

t-

of
il-

n

ic

e-

n
ch
on

e

Our
er-
e
on

with

ah;c
† [

1

A2
~a1/2,21/2;c

† 2a21/2,11/2;c
† !, ~5.2!

wherec represents the quark color andams ,mi ; c
† is the cre-

ation operator for a quark in the lowest s-wave orbital w
spin projectionms and isospin projectionmi . This state has
the ~somewhat unfortunate! property that̂ hu Î 2uh&5O(Nc).
Since excitation energies in the ground-state band are g
by I (I 11)/2I, whereI5 2

3 (MD2MN)215O(Nc), one sees
that the ^huĤuh&2^grounduĤuground&5O(Nc

0). Thus one
cannot treat the hedgehog state as degenerate with
ground state at largeNc since the physically interesting
quantities—the excitation energies of other bands—are
O(Nc

0). It is simple to finesse this problem: Consider inste
eigenstates of the modified Hamiltonian

Ĥ8[Ĥ2c2Î 22c4Î 42c6Î 62•••, ~5.3!

where the coefficientsc2 , c4, etc. are fixed to ensure that a
states in the ground-state band are made degenerate.
that each eigenstate ofĤ8 is an eigenstate ofĤ with its
eigenvalue shifted by2c2Î 22c4Î 42c6Î 62••• . Finding
the eigenspectrum ofĤ8 is therefore equivalent to finding
the eigenspectrum ofĤ. By construction,uh& is degenerate
with the ground state with respect to the operatorĤ8.

We first consider the case of a single quark excited ab
the lowest s-wave orbital. Recall that in the quark-sh
model the number of excited quarks is well defined. Now
demonstration that this degeneracy pattern is compat
with the scattering picture consists of two parts. First,
note that if we can show that an operatorL̂ satisfying

@Ĥ8,L̂#5lL̂ can be written as a one-body operator that a
nihilates a ground-state hedgehog quark and creates a q
in an excited orbital with goodK ~whereK5I1J), then this
operator acting on the stateuh& creates an excited eigensta
state of the Hamiltonian with well definedK ~but generally
not of goodI or J). Projecting such a state onto states
good I andJ then produces a set of degenerate states~mass
eigenvaluemK) of distinct I andJ. Moreover, in the largeNc
limit the projection onto physical states for this problem
identical to that done in the Skyrme model for scatteri
states@23#: In that case one finds scattering states with go
K on top of the hedgehog and uses a semiclassical projec
method with Skyrmion wave functions to obtain chann
with goodI andJ. In the present context, the same projecti
is needed, only now for bound states of fixedK. Since the
projections in the two cases are the same, one can re
states of the same quantum numbers in both cases. T
without further computation, one sees that degenerate r
nances with distinctI andJ but labeled by the same intrinsi
K in the scattering case in the Skyrme model are mapped
to one onto degenerate bound states in the quark-shell mo
Note moreover that, as discussed in Ref.@23#, the relations of
scattering amplitudes in the Skyrme model are in fact ex
largeNc results, and thus we see that the degeneracy patt
3-11
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T. D. COHEN AND R. F. LEBED PHYSICAL REVIEW D68, 056003 ~2003!
in large Nc scattering are also seen in single-quark exc
tions in the largeNc quark model.

Before proceeding, it is useful to make a technical rem
about the projection. In the case of the Skyrmion, a semic
sical projection was used. In the present context, there i
explicit many-body wave function, for which the standa
Peierls-Yoccoz-type projection@28# familiar from many-
body theory is applicable. At finiteNc , the two types of
projection may differ. However, in the largeNc limit, the
relevant overlap functions become narrow and the result
explicit projection agree with the semiclassical result. T
key to this result is that the overlap of a~full baryonic!
hedgehog with a rotated hedgehog goes like the overla
single-quark hedgehogs to thenth power, wheren is in the
number of quarks in the hedgehog configuration. Since
single-quark overlap always has a norm of less than or e
to unity andn;Nc , one sees that asNc→` the overlap
approaches zero unless the two hedgehogs are aligned.
yields narrow overlap functions and implies the validity
the semiclassical approximation.

Now to complete this argument, we need to prove
claim that the excitation operatorL̂ satisfying @Ĥ8,L̂#

5lL̂ can, in fact, be written as a one-body operator t
annihilates a ground-state hedgehog quark and creates q
in an excited orbital with goodK, and that all excitations
with a single quark in an excited orbital can be projec
from operators of this general form. To do this, consider
form of the leading-order Hamiltonian~or more precisely
Ĥ8) from the quark-shell model. From Refs.@8,9# we know
that the leading-order operators that can contribute to sin
quark excitations are of the form of1,ø•s, and
, i j

(2)giaGc
ja/Nc , wheresi is the matrix element of12 s i for the

excited quark and, is its orbital excitation,, i j
(2)[ 1

2 $, i ,, j%
2 1

3 d i j ,2 is the traceless, symmetric tensor obtained so
from the orbital part of the excited quark~by construction it
is a rank-2 spherical tensor under rotations!, gia is the matrix
element of 1

2 s i
^

1
2 ta for the excited quark, andGc

ia is the
matrix element of12 s i

^
1
2 t a summed over all of the ‘‘core’’

quarks in the lowest orbital. In these expressions repe
indices are implicitly summed. Note that these are one-
two-body operators. All higher-body operators with O(Nc

0)
matrix elements reduce to these forms using the reduc
rules of Refs.@8,9,11#. The operators1 andø•s clearly do not
depend on the state of the core, nor do they change thK
value of the excited quark since both1 and ø•s commute
with j5ø1s. The only one of these operators that mix
core and excited quarks is, i j

(2)giaGc
ja/Nc . To proceed further

we must analyze the effect of this operator in some deta
The operator, i j

(2)giaGc
ja/Nc acts on both the excited quar

and the core. It is useful to express each component in te
of pieces that transform under irreducible representation
K. Accordingly, we write

, i j
(2)giaGc

ja5e(0)G(0)1eia
(1,2)Gia

(1,2) ,

where
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e(0)[, ia
(2)gia,

G(0)[
1

3
Gc

aa ,

eia
(1,2)[, i j

(2)gja2
1

3
d iae(0),

Gia
(1,2)[Gc

ia2d iaG(0), ~5.4!

and the superscripts (0) and (1,2) refer to the irreduci
spherical tensor structure underK5I1J. This decomposi-
tion is useful for acting upon the class of states in which
of the quarks in the core are in a hedgehog configurat
Suppose one has a stateuc& in this class. Writing compo-
nents ofG in terms of ladder operators, it is straightforwa
to see that

1

Nc
G(0)uc&52

1

4

ncore

Nc
uc&,

1

Nc
Gia

(1,2)uc&5O~ncore
1/2 /Nc!,

~5.5!

wherencore is the number of quarks in the core; for the ca
of a single excited quarkncore5Nc21. Thus, operating on a
state of this form it is apparent that

1

Nc
, i j

(2)giaGc
jauc&52

1

4

Nc21

Nc
e(0)uc&1O~Nc

21/2!.

~5.6!

We see thatall of the leading-order operators in the 1/Nc
expansion acting upon states in the classuc& are K50 op-
erators acting on the excited quark or core. This essenti
completes the demonstration since it implies that there
eigenstates ofĤ8 with single-quark excitations of goodK
acting above a core with all states in the hedgehog; one-b
L̂ transition operators that destroy a core hedgehog qu
and create an excited quark of fixedK @i.e., of the formL̂
}aexc

† (DK50)acore(DK50)] satisfy Eq. ~5.1!. While the
preceding argument was given explicitly for the case o
single quark excited outside the core, it is apparent that
analogous argument holds generally for excitations w
O(Nc

0) excited quarks outside the core.
Finally, we note that the hedgehog picture provides a v

simple physical interpretation of the various spin-flavor sy
metries~S, MS, A!. Again, for simplicity consider first the
case of a single quark outside a core composed entirel
quarks in a spin-flavor hedgehog. As noted above, these
citations can be labeled by the grand spinK of the excited
quark withKexc5Iexc1Jexc. Of course,Jexc has both a spin
part and an orbital part. It is useful to decomposeKexc in the
following way: Kexc5ø1k where k5Iexc1s is purely a
spin-flavor construction independent of the orbital angu
momentum. It is clear thatk can be either 0 or 1, which
together saturate the four possible spin-flavor states of
excited quark. Ak50 quark is in a spin-flavor hedgehog
while ak51 quark is orthogonal to the hedgehog. It is trivi
to see that a state consisting of a single excited quark in
3-12
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k50 ~hedgehog configuration! above the hedgehog cor
must be purely symmetric under spin-flavor since all
quarks are in an identical spin-flavor state~although radial
excitations may be present!. Next consider a state corre
sponding to a singlek51 quark outside the hedgehog cor
since the core alone hasKcore50, we may denote such
state combined with the core asuk51& ~noting that the fullK
of the state still requires the inclusion of orbital angular m
mentum,). It is straightforward to decompose this state in
a symmetric and a mixed-symmetric piece:

uk51&5A 1

Nc
uk51&S1ANc21

Nc
uk51&MS. ~5.7!

Note that in the largeNc limit such a state becomes pure
MS. Thus for largeNc the following interpretation of the
symmetry emerges: The S states are those that may be
jected from states with ak50 ~hedgehog! quark outside the
core, while the MS states are those that may be proje
from states with ak51 quark outside the core. A simila
analysis can be extended to cases with more than one q
outside the core. For example, the A symmetry arises fr
two non-hedgehog quarks~antisymmetrized with respect t
each other in spin-flavor! outside a hedgehog core.

The patterns seen in Table I may be simply understoo
terms of this picture. Since the symmetric configuratio
havek50, one sees immediately thatK5,, and the sym-
metric representations are precisely those one obtains
adding, to theI 5J states in a hedgehog. The MS states
obtained by combining theuk51& state with,, giving total
K values that satisfyd(K,1). Similarly, it is easy to under
stand the fact that the MS and A configurations have
same spectrum of nonstrange states for largeNc . The reason
is simply that A is obtained by adding two antisymmetrick
51 quarks outside the hedgehog core. However, the a
symmetric combination of twok51 states has a netk of
unity since the symmetric combination must yieldk50 and
k52. Since only the overallk of the quarks outside the cor
matters, A and MS look the same.

B. Group-theoretical demonstration

Now let us turn to the more formal group-theoretic
treatment. The strategy here is to enumerate explicitly
particular representations seen in both the scattering pic
and in the quark-shell model and to show explicitly that th
are compatible. To proceed, we first note that the ang
momentum quantum numberL is integral, as are the spin an
isospin of the~bosonic! p andh mesons. On the other han
the baryons involved in the scattering are of course fer
onic, and thereforeR and henceI and J are half-integral,
while K is integral. This is significant because we use thaR,
I, andJ are nonzero.

We now return to the scattering-picture constraints, E
~2.1!, that refer top andh scattering. Note that the 6j sym-
bols of Eq.~2.1!—considering only quantum numbers of th
initial state—imply the four triangle rulesd(LRJ), d(R1I ),
d(L1K), andd(IJK). First we ask whether amplitudes fo
h scattering can ever possess quantum numbers viola
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any of these triangle rules. The constraints in the secon
Eqs.~2.1! consist ofd(LRJ), but alsoI 5R ~because theh
carries zero isospin! andK5L. Now, I 5R always satisfies
d(R1I ) becauseRÞ0. On the other hand,K5L always sat-
isfies d(L1K) unlessK5L50. It follows that h-baryon
scattering allows different amplitudes than inp-baryon scat-
tering only if K5L50, I 5R, and hence@because of
d(LRJ)], I 5J. On the other hand, it is clear thatp-baryon
scattering allows many amplitudes with quantum numb
not allowed inh scattering.

Now, given the I ,J quantum numbers of a scatterin
channel, what values ofK appear? From Tables II and III, i
is clear for all channels considered that the full setd(IJK),
uI 2Ju<K<I 1J, appears. However, Eqs.~2.1! give addi-
tional constraints onK that must be taken into account: On
must check that values forR andL exist @satisfyingd(LRJ),
d(R1I ), andd(L1K) for the p case, orI 5R andK5L for
the h case# that allow the full range ofK for arbitrary half-
integral I andJ. P conservation places no constraints on t
group theory except that it must be conserved throughout
process, andP5(21)L11 for the resonant state since th
scattered meson is pseudoscalar; therefore, we wish to p
the parity blindness of the scattering picture by showing t
there exist an even and an odd value ofL both satisfying the
above constraints.

Consider the valueR5I , which always satisfiesd(R1I )
since IÞ0. Further, let L5K, which always satisfies
d(L1K) unlessK50 ~a case we handle in a moment!. Then
the final 6j symbol d(LRJ) becomes the same asd(KIJ),
which is satisfied by assumption. This means that a scatte
amplitude of anyI ,J contains ap scattering amplitudesKLL

p ,
whereK is any nonzero value satisfyingd(IJK), for which
the scattered baryon hasR5I and for whichL5K. Further,
d(L1K) for KÞ0 is satisfied by three consecutive values
L, namely,K21, K, andK11. SinceR andJ are nonzero, at
least two consecutive values ofL satisfy d(LRJ), one of
which, we have seen, isL5K. Thus, forKÞ0, this proves
that at least two consecutive values ofL satisfy all con-
straints, allowing both parities@29#. As for K50, thep scat-
tering constraintd(L1K) is satisfied solely byL51, while
the h scattering constraintdKL is satisfied solely byL50,
giving the required two consecutive values ofL satisfying all
constraints. We conclude thata scattering amplitude with
any choice of I,J,P contains a reduced amplitude with eve
value K that satisfiesd(IJK).

Now consider the spin-flavor multiplets S, MS, and
discussed in the previous two sections, and in particular
nonstrangeN and D multiplets listed in Table I. We begin
with the S multiplet, anticipating that the proof for MS and
requires little additional effort. The S multiplet for,50 con-
sists of states withI 5S, whereS again is the total quark
spin, and thus the total baryon spin is given by values
lowed byJ5S1ø, which of course imposes the triangle ru
d(IJ,). Any such triad of valuesI ,J,, ~plus P) gives a
unique state in a particularS multiplet, as may be seen from
the decomposition of S in Eq.~3.1! and the nondegenerac
of resultant multiplet quantum numbers under angular m
mentum addition. The claim of compatibility of the two pic
3-13
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tures for the S multiplet consists of the following necess
and sufficient conditions:

~1! If a state with given values ofI ,J,P appears in an S
multiplet with a given allowed value of,, then the scattering
amplitude withI ,J,P quantum numbers contains a reduc
amplitude withK5,.

~2! If a scattering amplitude with given values ofI ,J,P
contains an amplitude with a particular allowed value ofK,
then a state with these quantum numbers appears in
multiplet with ,5K.

The first statement is proved simply by noting that eve
value of , satisfying d(IJ,) gives precisely one state ap
pearing in a particular S multiplet for each value ofP, while
we have just proved that each value ofK satisfyingd(IJK)
~including K5,) appears in an amplitude with the give
I ,J,P quantum numbers for at least onep or h scattering
process.

The second statement is proved by noting that an am
tude with a given value ofK occurs if it satisfiesd(IJK),
regardless ofP. Letting K5,, we see thatd(IJ,) is also
satisfied. IncludingP, this specifies~as we have seen! a
unique state in an S multiplet. The proof for S multiplets
thus complete.

Now we return to the MS and A multiplets. Our task
simplified by the fact that we are interested only inN andD
states, which appear~Table I! with precisely the same mul
tiplicities in these two representations. Moreover, we ha
seen@Eq. ~3.7!# that MS or A multiplets with given, contain
the sameN andD multiplets as given by an effective collec
tion of S multiplets, with values,eff being all those that
satisfyd(,eff ,,,D51). The proof is thus reduced to one
showing the compatibility between the scattering picture a
the quark-shell picture states for a collection of effective
multiplets with , values given by,eff . But this is accom-
plished simply by recourse to the proof we have just co
pleted: Compatibility is achieved for these effective S m
tiplets by placing a pole in each amplitude satisfyingK
5,eff . The proof for MS and A multiplets is thus complet

We arrive at a simple result. Compatibility between t
meson-baryon scattering and quark-shell pictures is achie
in the following way: If the orbital excitation of the excite
quark in the quark-shell SU(4)3O(3) multiplet is given by
,, then for states in S multiplets there exists a scatter
partial wave with the quantum numbers of the given st
containing aK amplitude withK5,, and for states in MS or
A multiplets there exist scattering amplitudes containingK
amplitudes for each value ofK satisfyingd(K,1). Further-
more, reduced amplitudes with these values ofK do not ap-
pear in scattering amplitudes with quantum numbers co
sponding to states not appearing in the given SU(4)3O(3)
multiplet. The fact that the masses and widths of resonan
may be labeled byK and correspond to poles in theK am-
plitudes completes the demonstration of compatibility.

It is especially interesting to note that full compatibili
would not occur without the possibility of resonance creat
both via scattering withp ’s and h ’s. On the other hand
while it may be tempting to believe that the required inc
sion of the pion is an indication of chiral symmetry, th
parity blindness of the group theory implies that using lig
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positive-parity mesons withI 50 and 1 would have worked
just as well.

VI. DISCUSSION

We have compared two popular~and often competing!
pictures for baryon resonances in the largeNc limit. Both
have physical probative value since both explore differ
aspects of hadronic physics. On one hand, the quark-s
picture certainly is the most successful model in existe
for predicting much of the observed spectrum of bary
states, but there is no known good reason that quarks sh
play the role of the defining degrees of freedom in the hig
confining regime of the hadronic environment. On the oth
hand, baryon resonances truly are observed as ‘‘bumps’~or
even more obscure features! in meson-baryon scattering am
plitudes, but the scattering picture gives no hints as to wh
amplitudes should even possess resonances, much less w
the pole positions should lie.

The fact that each of the two pictures respects the s
flavor multiplet structure of the other is certainly good ne
for phenomenology. It implies the existence of a sensi
way to perform the 1/Nc expansion for baryon resonance
Namely, these broad states@widths of O(Nc

0)] can be treated
in a Hamiltonian formalism, just as was done so successf
for the ground-state band, and this treatment respects
symmetries (I t5Jt) implicit in the states’ origins as reso
nances in scattering amplitudes.

However, we caution the reader that what has been
sented here is no more than an existence proof of a un
1/Nc expansion; the full treatment awaits an analysis of
lowed 1/Nc effects@27#.

For example, consider the status of configuration mix
in light of our results. The fact that precisely the same no
strange multiplets arise for MS and A flavor representatio
in large Nc implies that each of the states in one of the
multiplets is, in principle, free to mix with its partner in th
other multiplet. Detailed quark models tend to disfavor t
appearance of A multiplets, chiefly because they require
excitation of two quarks~see Fig. 1!, which is usually sup-
pressed~e.g., in one-gluon exchange models!. However, the
combinatorics of theNc22 core quarks negates this suppre
sion in largeNc . Moreover, if 1/Nc effects are properly in-
cluded, they must eventually be sensitive to the differen
between the MS and A multiplets whenNc<7.

Configuration mixing need not be limited to entire spi
flavor multiplets. For example, theK52 polem̃2 appearing
in the S multiplet 21 is precisely the same one as appear
in the K52 MS ~or A! multiplet 11, 21, or 31. Detailed
dynamics may suppress some of these spin-flavor multip
but some degree of configuration mixing may still be e
pected at largeNc , such as betweenN3/2(S,21) and
N3/2(MS,21). Indeed, such mixing is common even in th
Nc53 quark model@31#.

As suggested above, a full phenomenological analysis
the higher baryon multiplets must await an accounting of
1/Nc corrections. From the theoretical side, this is clea
necessary not only because operators corresponding to
portant physical effects might first arise at O(1/Nc), but be-
3-14
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cause the resonance spectrum itself is different forNc.3,
and such states must be consistently decoupled before
has a fully usable formalism for studying theNc53 case.
From the experimental side, a quick glance at the statu
the higher baryon states@32# indicates a number of reso
nances of dubious existence; assuming the verity of phan
states~or missing relevant states! could easily lead to a false
interpretation about which underlying dynamical effects
most important.

In short, the 1/Nc expansion for baryon resonances sho
not be viewed as the final arbiter of competing dynami
y

y

ev

,

05600
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pictures, but rather as a baseline of symmetry constra
upon which new ideas for dynamics can be studied.
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